We study the semi-classical trace formula at a critical energy level for an h-pseudo-differential operator on R n whose principal symbol has a totally degenerate critical point for that energy. This problem is studied for a large time behavior and under the hypothesis that the principal symbol of the operator has a local extremum at the critical point.
Introduction
The semi-classical trace formula for a self-adjoint h-pseudo-differential operator P h , or more generally h-admissible (see [17] ), studies the asymptotic behavior, as h goes to 0, of the spectral function :
where the λ j (h) are the eigenvalues of P h and where we suppose that the spectrum is discrete in [E − ε, E + ε], some sufficient conditions for this are given below. If p 0 is the principal symbol of P h we recall that an energy E is regular when ∇p 0 (x, ξ ) = 0 on the energy surface E = {(x, ξ ) ∈ T R n / p 0 (x, ξ ) = E} and critical when it is not regular. A classical property is the existence of a link between the asymptotics of (1), as h tends to 0, and the closed trajectories of the Hamiltonian flow of p 0 on E The case of a non-degenerate critical energy of the principal symbol p 0 (x, ξ ) , that is such that the critical-set C(p 0 ) = {(x, ξ ) ∈ T * R n / dp 0 (x, ξ ) = 0} is a compact C ∞ manifold with a Hessian d 2 p 0 transversely non-degenerate along this manifold, has been investigated first by Brummelhuis, Paul and Uribe in [2] . They treated this question for quite general operators but for some "small times", that is it was assumed that 0 is the only period of the linearized flow in supp(φ) when it is small. Later, Khuat-Duy in [13] and [14] has obtained the contributions of the non-zero periods of the linearized flow with the assumption that supp(φ) is compact, but for Schrödinger operators with symbol ξ 2 + V (x) and a non-degenerate potential V . Our contribution to this subject was to compute the contributions of the non-zero periods of the linearized flow for some more general operators, always withφ of compact support and under some geometrical assumptions on the flow (see [4 or 5] ).
Basically, the asymptotics of (1) can be expressed in terms of oscillatory integrals whose phases are related to the classical dynamic of p 0 on E . For (x 0 , ξ 0 ) a critical point of p 0 , it is well known that the relation :
leads to the study of degenerate oscillatory integrals. What is new here is that we examine the case of a totally degenerate energy, that is such that the Hessian matrix at our critical point is zero. Hence, the linearized flow for such a critical point satisfies d x,ξ t (x 0 , ξ 0 ) = Id, for all t ∈ R and the oscillatory integrals we have to consider are totally degenerate. The results obtained here are global in time, that is we only assume that supp(φ) is compact. The core of the proof lies in establishing suitable normal forms for our phase functions and in a generalization of the stationary phase formula for these normal forms.
Hypotheses and Main Result
Let P h = Op w h (p(x, ξ, h) ) be a h-pseudodifferential operator in the class of the hadmissible operators with symbol p (x, ξ, h 
where R N (h) is a bounded family of operators on L 2 (R n ), for h ≤ h 0 , and
where m is a tempered weight on T * R n . For a detailed exposition on h-admissible operators we refer to the book of Robert [17] . Let us note p 0 (x, ξ ) the principal symbol of P h , p 1 (x, ξ ) the sub-principal symbol and t = exp(tH p 0 ) : T * R n → T * R n , the Hamiltonian flow of H p 0 = ∂ ξ p 0 .∂ x − ∂ x p 0 .∂ ξ .
